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Section 1

Questions in this section are multiple-choice.
Record the single best answer for each question on the provided answer sheet.

1
1. Which of the following is the correct expression for / ——dx?

V1 —9x2

1
(A) 3 sin ! % +C

(B) 3sin~? %—l— C
1. 4
(C) 3 8in 3z +C

(D) 3sin™! 3z 4+ C

2. If @ and b satisfy (a — b) - (a + b) = 0, which of the following must be true?
(A) a=+b
(B) la| = [2]
(C) a is parallel to b
(D)

a is perpendicular to b

3. Consider the statement:

Va€Z,3be€Z such that § € Z’
What does this statement mean?

(A) Every integer has a factor.
(B) There exists an integer which divides every integer.
(C) Every integer is also a rational number.
(D)

D) There exists a rational number corresponding to each pair of integers.

4. Which of the following is the correct expression for / xcosxdx?

A
B

(A) xzsinx —sinx 4+ C
(B) xsinx + cosx + C
(C) wcosx —cosx + C
(D)

D) zcosx +sinx + C
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5. Which of the following curves satisfies the equation Arg(z — 1) = Arg(z +1)?

(A) A (B) VA
PN / i x
A VA

6. Consider the statement:

‘If n is even, then n® + n is even .’
Which of the following are true?

A) The contrapositive of the original statement but NOT the converse
C
D

(A)

(B) The converse of the original statement but NOT the contrapositive
(C) Both the contrapositive and the converse of the original statement
(D)

Neither the contrapositive nor the converse of the original statement

a
7. What is the angle made between the liner = A | b |, where A € R, and the yz-plane?

c
You may assume a, b, c > 0.

(C) tan~!
(D) tan~"!

)
( a2c+

)
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sin x
8. Which of the following gives the correct expression for / ——dx?
sSiInT + cosx

(x +In|sinx 4 cosz|) + C
(¢ —In|sinx 4 cosz|) + C

(x +In|sinx 4 cosz|) + C

1
2
(v —In|sinz + cosz|) + C

9. If z is a complex number such that |z-+i| = 5, what is the maximum value of |2? —1|?
(A) 17
(B) 25
(C) 35
(D) 37

10. Alpha, Bravo, and Charlie are competing in a three-way tug-of-war. They each hold
a rope, and the three ropes are joined together at the centre of a circle. A competitor
wins if they can pull the intersection point into their sector (see below):

Alpha and Bravo pull with a force of a and b newtons respectively at an angle of 120°
to one another. Charlie pulls with a force of ¢ newtons and pulls at an angle directly
opposing the sum of the two other forces.

Given this scenario, which of the following statements is true?
(A) If ¢ > ‘ZTH’, then Charlie wins.
(B) If ¢ > ab, then Charlie wins.
(C) If Charlie wins, then ¢* > ab.
(D)

D) If Charlie wins, then ¢ > a + b.

End of Section 1

The paper continues in the next section
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Section 1I

This section consists of long-answer questions.

Marks may be awarded for reasoning and calculations.

Marks may be lost for poor setting out or poor logic.
Start each question in a new booklet.
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QUESTION ELEVEN (15 marks) Start a new answer booklet. Marks

(a) Let 2= V3 +iand w=1—i.
(i) Express Z in the form a + bi.
w
(ii) Express z and w in modulus-argument form.

(iii) Hence determine the exact value of tan %

1
4 1

(b) Evaluate/ T dx .

r+1

0

(c) Consider the statement:

‘If n2 — 3n + 2 is odd, then n is odd .’

[=]

o] [=]

o] [

Prove that the statement is true using contraposition.

(d) (i) Use the result ¢ = cos @ 4 isinf to show ™ 4+ ¢ = 2 cos né.

. N\ 4
(ii) By expanding (ew + 6—29) , prove that cos* 6§ = %cos 40 + % cos 20 + %.

3

(iii) Hence find /2 cost0.db .
0

(e) A particle experiences acceleration according to the equation & = 2v, where v is the

(o] [=]

] [=]

particle’s velocity in metres per second. It begins at the origin with a velocity of 1m/s.

How far does it travel in the first two seconds? Write your answer correct to the

nearest metre.

The paper continues on the next page
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QUESTION TWELVE (15 marks) Start a new answer booklet. Marks

(a) Let ABC be a triangle with vertices A(1,0,0), B(0,1,0) and C(0,0,%) for some
constant k > 0. This is shown below:

X

(i) Express AC and BC as column vectors.

(ii) Find the value of k that will make ZAC'B = 45°. Write your answer correct
to 2 decimal places.

2
8 6 A B C
(b) (i) Find the constants A, B and C' such that % == ;714
2
8 16
(ii) Hence ﬁnd/%dz.

(¢) The acceleration of an object moving in a straight line is given by & = — , Where

14+

x metres is the displacement of the object from the origin. The object is initially at

the origin with a velocity of 2m/s.

(i) Find v? as a function of z.

[ro] 1]

(ii) Hence find where the object will first come to a rest, and justify whether it must
turn back around or not.

(d) (i) Prove using contradiction that /6 is irrational.

o] [r]

(ii) Hence prove that it is not possible for both v/2n and v3n to be rational for any
positive integer n.

The paper continues on the next page
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QUESTION THIRTEEN (15 marks) Start a new answer booklet. Marks

(a) Consider the points A(5,0,2), B(2,3,—4) and C'(8, —3,5).
(i) Find an equation for the line AB.

(ii) Show that the point C' is not on the line AB.

(o] [=] [=]

(iii) Find the point on the line AB which is closest to point C.

(b) A particle moves in a straight line and its motion satisfies the equation
v? = 32 + 8z — 422,

where x is the particle’s displacement from the origin in metres, and v is its velocity
in metres per second.

(i) Show that the motion is simple harmonic.

o] [=]

(ii) Find the maximum acceleration |Z| achieved by the particle.

In2

(c) Use the substitution u = v/e? — 1 to evaluate Vet —1dx.
0

(o] [e]

(d) (i) Use deMoivre’s Theorem to show that
sin50 = 16sin® @ — 20sin 0 + 5sin b .

[]

(ii) By considering the solutions of sin 50 = 0, find the exact value of sin? i

The paper continues on the next page
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QUESTION FOURTEEN (15 marks) Start a new answer booklet. Marks

(a) Let z = cosf +isinf be some complex number with 0 < 6 < 7§ and let the points
P, ), and R represent the complex numbers z, z + 1, and 1 respectively, as shown
below:

yi\

=V

0 R

By considering the quadrilateral OPQ R, or otherwise, show that
2z
z+1

=1+itang.

(b) Let x and y be positive real numbers.

(=]

1
(i) Prove that x + — > 2, for all x > 0.
x

[1o]

(ii) Hence show that
2 2
1+ L 1+y >
Yy x

4.

1
¢) By using the substitution ¢ = tan Z, find dzx . 3
(c) By & aftg, /1+sina¢—cosx .

The paper continues on the next page
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QUESTION FOURTEEN (Continued)

(d) A trained falcon is soaring above a crowd before gliding down to land on its trainer.
In order to maintain constant eye contact without having to move its eyes or head, it
glides along a path known as a logarithmic spiral, as shown below:

=Sy

7>

\<V

NOT TO
SCALE

/

X

The position of the falcon, t seconds after beginning its descent, is given by
20e tcost
r=| 20e !sint

~ Y

10e~!

where the units of the components are in metres.

(i) Find an expression for the velocity v of the falcon at any time ¢, and hence
calculate its speed as it begins its descent.

(ii) Show that the angle between r and v is constant.

The paper continues on the next page
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QUESTION FIFTEEN (16 marks) Start a new answer booklet.

(a) (i) Find the three cube roots of 2 + 2i and plot these roots on the Argand diagram.

(ii) Given that the three roots sum to zero, show that

n(2) o (3) -3

(b) Consider the polynomial P(z) = 2% + k2% + 1, for some k € R.
(i) Show that if z = w is a zero of P(z), then so are —w, @, and w™ .

(ii) If P(w) =0 and |w| # 1, justify that either Re(w) = 0 or Im(w) = 0.

(¢) The HMS Dreadnought was a British battleship in the early 20th century and is
the only battleship to have ever sunk a submarine. As part of its artillery, it could
launch torpedoes of mass 500 kg at an initial speed of 10m/s into the water. While in
the water, the torpedo would self-propel with a constant driving force of 2000 N and
approach a terminal velocity of 20m/s.

For this question, you can assume that the torpedo travels horizontally through the
water at a constant depth and that the torpedo experiences resistance from the water
proportional to the square of its velocity.

(i) Show that the displacement of the torpedo from the ship satisfies the equation

,U2

0
v 100

(i) How long would it take the torpedo to hit a target 1000m away? Write your
answer correct to the nearest second.

The paper continues on the next page
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Marks

o] [e]

[e2] [re]
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QUESTION SIXTEEN (14 marks) Start a new answer booklet. Marks
(a) Let n be an positive odd integer and define recursively the double factorial:
nx (n—2), forn>3
nll =
1, forn=1
Note that n!! is not the same as (n!)!.

Prove using induction that

n!
QHTf1 X (nT_l)'

for all positive odd integers.

nll =

(b) Consider the definite integral
3
I = / sin” x cos” x dx
0

where m and n are non-negative integers.

(i) Using the substitution = § — u, show that Iy n = I m.

(ii) Prove that I, , = %Imm_z, for n > 2.

(=] [eo] [=]

(iii) Using the previous results from both part (a) and part (b), show that

s

T g ol _ (2k)!(20)! T
/0 sin“® x cos”™ x dx = B e+ 1) X 2k+20+1

for all non-negative integers k and [.

(c¢) An isosceles trapezium OABC' is a quadrilateral with sides OA and BC' parallel but
NOT equal in length, and sides OC and AB equal in length but not parallel.

This is shown below:

C B

0 A

LetQ:O_f)landg:O_C’).

Show, using vector methods, that the diagonals OB and AC' are equal in length.

END OF PAPER
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